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Abstrat
The strutures of order parameters whih determine the bounds of the phase
states in the framework of the CP 1 Ginzburg-Landau model were onsidered. Using
the formulation of this model [1℄ in terms of the gauged order parameters (the unit
vetor n, density ρ2 and momentum of partiles c) we found that some universal
properties of phases and eld ongurations are determined by the Hopf invariant,
Q and its generalizations. At a suiently high level of doping it was found that
beyond the superonduting phase the harge distributions in the form of loops
may be more preferable than those in the form of stripes. It was shown that in the
phase with its mutual linking number L < Q the transition to an inhomogeneous
superonduting state with non-zero total momentum of pairs takes plae. The
universal mehanism of the topologial oherene breaking of the superonduting
state due to a derease of the harge density was disussed.
PACS 74.25.-q, 74.80.-g, 71.10.Hf, 71.10.-w
1. Introdution
Among the hallenging problems of ooperative phenomena in planar systems near Mott
transition, there are those whih at the first glane may not be assoiated with the
appearane of high-temperature superonduting states in doped antiferromagneti insu-
lators. For example, we are interested in the origins of qualitatively similar ooperative
behavior in various ompounds and very rih ontent of their phase diagram, as well
as in origin of the emergene of inhomogeneous states, the typial for suh systems
[2, 3, 4, 5, 6℄. Low-dimensional strutures in the distribution of spin [2, 3℄ and harge
[4, 5, 6℄ degrees of freedom exist in the state whih preedes the high-temperature super-
onduting phase. Keeping in mind this property [7℄ we should hoose suh a model for
desribing the mentioned phases whih will ontain them as limiting ases. The mean
field Ginzburg-Landau theory with the appropriate hoie of the order parameters may
be used for understanding of suh a kind general problems. The key question in this
universal approah is the method with the aid of whih the order parameters enode
∗
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simultaneously the ontent and the distribution of harge and spin degrees of freedom
of exitations in various phase states.
The reent progress in solving analogous problems in the non-Abelian field theory
[8℄ and its development in ondensed matter physis [1℄ has shown that CP 1 Ginzburg-
Landau model is preferable. The two-omponent order parameter of this model is used
for solving the problems of two-gap superondutivity [9℄. In the theory of eletro-weak
interation [10℄, it has the sense of the Higgs doublet of the standard model. In this paper
we will assume that the order parameter is a spinor realizing two-dimensional representa-
tion of the braid group whih arises due to lassifying the quantum states at permutations
of partiles in (2+1)-dimensional systems. Considering fatorization with respet to the
entre of this non-Abelian group we obtain the gauged CP 1 Ginzburg-Landau model.
We pay attention that the order parameter of this model is two-dimensional [1, 11℄. Only
in this ase we an introdue the unit vetor field whih desribes the distribution of one-
half spin degrees of freedom in the long-wavelength limit as well as use the Hopf invariant
for lassifying n-field onfigurations and onsider orretly the phases with different dis-
tribution of harge degrees of freedom. Due to the above mentioned reasons we use the
generalized n-field model whih after the exat mapping of CP 1 Ginzburg-Landau model
[1℄ inludes Faddeev term [12℄. Beause of the non-Abelian gauge theory origin of this
signifiant part of the model we hope that the obtained answers are universal and will
give a deeper insight into the disussed problems.
The Hopf invariant desribes the degree of linking or knotting of the filamental man-
ifolds where the field of the unit vetor n is defined. The study of the behavior of the
vortex filament tangle is a separate problem and attrats attention due to several rea-
sons. First, at small distanes the topologial order assoiated with the linking exists
against the bakground of the disorder aused by arbitrary motion of separate parts of
the system of entangled vortex filaments. Thus, unlike point partiles, the properties of
the tangle are determined by the behavior of its fragments in the ultraviolet and infrared
limits. Sine the oordinates of the vortex ore are anonially onjugated, the mentioned
irumstanes are presented by nonommutativity of these variables depending on the
linking degree. Seond, suh soft medium as the tangle of linked filaments is the hot
problem in ondensed matter physis and beyond, in partiular, in onnetion with the
DNA problem. After the oupling onstants are transformed into the searhed funtions
the appearane of the double helix as the solution of the equations of motion in the soft
variant [13℄ of the n-field model is its general property.
In the present paper we onsider some properties of field onfigurations in CP 1
Ginzburg-Landau model defined in the following paragraph. The main goal of the paper
is to find the bounds of free energy in the superonduting state and in the inhomoge-
neous phase with broken antiferromagneti order, as well as to desribe the properties
of the harge density distributions orresponding to this state. Considering the non-
superonduting phase in the soft version of the model [13℄ we analyse the value of the
ontribution to the free energy of the harge density distributions in the form of loops
and stripes. Along with the results from brief publiations [14, 15, 16℄ in the third and
fourth setions, we disuss the properties of the inhomogeneous superonduting state
with nonzero total momentum of pairs and ompare it with the LOFF states [17, 18℄
and with the results from the reently proposed [19℄ BCS-like model with two types of
partiles. We also pay attention to the dependene of the bounds of phase states on the
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generalized (2+1)D Hopf invariant in the ase of S2 × S1 → S2 and S1 × S1 × S1 → S2
mapping lasses and on the external magneti field. In onlusion we disuss some open
problems. In appendix there is the proof of the inequality whih determines the relation
between the ontributions to the free energy of n- and c-field onfiguations.
2. CP
1
Ginzburg-Landau model
We will use Ginzburg-Landau model:
F =
∫
d3x
[∑
α
1
2m
∣∣∣∣
(
~∂k + i
2e
c
Ak
)
Ψα
∣∣∣∣
2
+
∑
α
(
−bα|Ψα|2 + cα
2
|Ψα|4
)
+
B2
8pi
]
(1)
with a two-omponent order parameter,
Ψα =
√
2mρχα, χα = |χα|eiϕα , (2)
whih satisfies the ondition of |χ1|2 + |χ2|2 = 1. This onstrain of two omponents
χα takes plae in the omplex projetive spae CP
1
, for whih the onsidered model
is defined. The model (1), (2) with different masses was used before [1, 9℄ [1,6℄ in
the ontex of two-gap superondutivity, as well as in the standard model of the non-
Abelian field theory [8, 10℄. In the present paper we onsider the states in planar systems.
Thus we suppose that Ψ has the sense of the order parameter realizing two-dimensional
non-Abelian representations of the braid group used for lassifying quantum states at
permutations of partiles in systems with two spatial dimensions. Realizing Abelian
projetion [20℄, the vetor Ak ompensates the loal hoie of the phase of the funtion
Ψ. The last terms in (1) desribe Ginzburg-Landau potential V (Ψ1,Ψ2) and the self-
energy of the gauge field. It has been shown reently [1℄ that there is an exat mapping
of the model (1), (2) into the following version of the n-field model:
F =
∫
d3x
[
1
4
ρ2 (∂kn)
2
+ (∂kρ)
2
+
1
16
ρ2c2 + (Fik −Hik)2 + V (ρ, n3)
]
. (3)
The free energy in Eq.(3) is defined by the salar  the density of partiles ρ2, the field
of the unit vetor na = χ¯σaχ, where χ¯ = (χ∗
1
, χ∗
2
), σa is Pauli matrix, and the field of
the momentum c = J/ρ2 = 2(j − 4A). The total urrent J ontains paramagneti part
j = i[χ1∇χ∗1 − c.c. + (1 → 2)] and diamagneti term −4A. Equation (3) was obtained
with the use of the following notations: Fik = ∂ick − ∂kci, Hik = n · [∂in × ∂in], and
dimensionless units as follows: of the length L = (ξ1 + ξ2)/2 with the oherene length
ξα = ~/
√
2mbα, the momentum ~/L as the unit of the momentum , the density units
c2/(512pie2L2) of partiles per mass unit (at parametrization of Ψα in the form (2)) and
the energy units γ/L with γ = (c~/e)2 /512pi.
In formulation (3) the Ginzburg-Landau funtional depends on gauged order param-
eters ρ2, c, and n. They haraterize spatial distributions of harge and spin degrees
of freedom with urrent or without it. The funtions χα determine the orientation of
the unit vetor n whih desribes (in the long-wavelength limit) the properties of the
magneti order. Besides, funtions χα define the value of the paramagneti part of the
urrent. Comparing different forms of presentation of CP 1 Ginzburg-Landau model we
note that vortex field onfigurations Ψα in the model (1), (2) are equivalent to textures
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of the field n in terms of the model (3). We also pay attention to the fat that the ansatz
(2) has the sense of fatorization of longitudinal ρ and transversal χα degrees of freedom.
In the superonduting state the omposition of spin j and harge degrees of freedom is
important, sine the urrent ontains diamagneti U(1) gauge omponent −4A.
In the soft variant of the extended model of n-field (3) the multipliers of the first
term desribe the distributions of spin stiffness and the square of the inverse length
of the density sreaning. It is seen from this example that the ompetition of the order
parameters ρ,n and c may be the origin of the existene of the phase states with different
ordering of harge and spin degrees of freedom. We enumerate the limiting ases of the
model (3) in inhomogeneous (n 6= const) situations:
1. A state with a broken antiferromagneti order: c = 0, ρ = const.
2. A state with a quasi-one-dimensional density distributions: c = 0, ρ 6= const.
3. An inhomogeneous superonduting state: c 6= 0, ρ = const.
4. c 6= 0, ρ 6= const.
In the ase of n = const and c 6= 0, ρ 6= const funtional (1) is equivalent to the
one-omponent Ginzburg-Landau model.
3. The bounds of the free energy
1. A phase state with a broken antiferromagneti order.  Let us onsider the first ase
in the mentioned list. In this limit the free energy equals
F =
∫
d3x
[
g1 (∂kn)
2
+ g2 (n · [∂in× ∂kn])2
]
. (4)
We supposed that in the onsidered phase the onstant value ρ = ρ0 may be found from
the minimum of the potential V and introdued the notation gi for the oupling onstants.
The properties of the model (4) were studied in detail in Refs. [21, 22, 23, 24, 25, 26, 27℄.
The analysis of the dimensionality shows that the first term in Eq. (4) is proportional to
the harateristi size RQ of the n-field onfigurations, and the seond term is inversely
proportional to this sale. Therefore, the energy (4) has a minimum whih is ahieved at
RQ =
√
g2/g1. This explains why the seond term in Faddeev-Niemi model (4) allows
to avoid Derrik's restrition of the existene of three-dimensional stati onfigurations
with the finite size. In the infrared limit this term haraterizes the mean degree of
nonollinearity < 0|S1 · [S2 × S3] |0 > in the orientation of three spins whih loate the
sites of the quadrati plaket.
It was shown in Refs. [25, 26, 27℄ that the lower energy bound in the model (4)
F > 32pi2 |Q|3/4 (5)
is determined by the Hopf invariant
Q =
1
16pi2
∫
d3x εiklai∂kal . (6)
In this equation the vetor ai denotes the gauge potentrial whih parametrizes the mean
degree of the nonollinearity of the orientation of neighboring spins in the following way:
Hik = n · [∂in× ∂kn] ≡ ∂iak − ∂kai.
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The dependene Fmin ∼ |Q|3/4 (5) with the boundary onditions n→ (0, 0, 1) in the
spae infinity was verified in Refs. [22, 23, 24℄ in simulation of the onfigurations of
n-field. Suh a boundary ondition means that the spae R3 of the n-field definition
effetively ompatizes into a three-dimensional sphere S
3
. Thus the unit vetor n
aomplishes the mapping of S
3
-sphere into the spae of the two-dimensional sphere S
2
.
Let the vetor n be direted to some general point of a two-dimensional sphere. We will
be interested in the answer to the following question: what is a pullbak of this point
in the spae S
3
? Or in other words, what set of points from the definition field of the
vetor n(x, y, z) ontributes to the point of the target two-dimensional sphere? Sine
the spae S
3
is ompat and its dimensionality is greater by unity than that of the
sphere S
2
, the pullbak of points on the sphere S
2
are losed and in general linked lines
on the sphere S
3
. The Hopf invariant Q (6) desribes the degree of linking or knotting
of these lines. It belongs to a set of integers Z to whih the onsidered homotopi group
pi3(S
2) = Z equals. In partiular, for two one-linked irles Q = 1 equals 1, for one of
the simplest knots (a trefoil) Q equals 6 and et. As a result, the n-field onfigurations
are divided into lasses orresponding to the values of Hopf invariant. We should
emphasize one again that linked or knotted onfigurations may be numbered by the
Hopf index only in the ase of the CP 1 Ginzburg-Landau model with its two-omponent
order parameter, beause at ïðèM > 1 the homotopi group pi3(CP
M ) = 0 is trivial [11℄.
2. Quasi-one-dimensional density distributions.  Let us onsider the states outside
the superonduting phase from the seond line of the list of limiting ases, to whih the
CP 1 Ginzburg-Landau model leads. In this soft version of the model the funtional (3)
has the form
F =
∫
d3x
[
1
4
ρ2 (∂kn)
2
+ (∂kρ)
2
+H2ik − bρ2 +
d
2
ρ4
]
. (7)
In Eq.(7) the positive onstant b orreponds to the phase with the broken antiferromag-
neti order.
The state with the broken antiferromagneti order onsidered above has a lower
energy than the "soft" state we are interested in now. The latter may be metastable
[28℄. In this setion, we will onsider just suh states and ompare their ontribution
to the Ginzburg-Landau energy without studying the problems of their relaxation, the
ritial sizes of nulei of different phases and et., whih are of separate interest.
Under the ondition that the eletron spin and harge are transferred from one of four
sites of some plaquettes to the dopant reservoir, the terms with Hik in Eq.(1) haraterize
(in the infrared limit) the mean degree of non-ollinearity < 0|S1 · [S2 × S3] |0 > in the
orientation of three spins, whih remain in the sites of a quadrati lattie plaquettes.
Therewith the defiit of the harge density ρ2h relates to the density ρ
2
, desribing in
(1) the distribution of the exhange integral, by the relation ρ2 + ρ2h = const. From the
long-wavelength point of view the distribution of the spin density ρ2 in the limited region
with the exponential law of derease at its boundary (for example, at the distribution
in the irle with radius r0 with the exponential derease at the length R ≪ r0) will be
aompanied by the quasi-one-dimensional distribution of the harge density ρ2h along
the boundary of this region, i.e. along the ring with thikness R and radius r0. It is seen
from here that studying spatial onfigurations of the density field ρ2 in planar systems
5
makes it possible to find the form of one-dimensional distributions of the eletri harge
density with the aid of the above-mentioned holographi projetion.
It has been known for a long time that in suh a phase state the distributions of
the harge density (∂kρ)
2
have the form of stripes
1
. Due to the gradient term (∂kρ)
2
in (7), quasi-one-dimensional field ρ onfigurations are really preferable. It seems to
be almost obvious also that density distribution in the form of rings give the smallest
ontribution to the energy. Let us find the ontribution to the free energy (7) from quasi-
one-dimensional density distributions ρ2 in the form of rings and stripes and ompare
the omputation results with the experimental data. We will hoose the following trial
funtions for the field ρ onfigurations in the form of a ring and a stripe:
ρ = ρ0 exp
[−(r − r0)2/2R2] (8)
and
ρ = ρ0exp
[−x2/2L2x] ×
{
1, |y| 6 Ly ,
exp
[−(|y| − Ly)2/2L2x] , |y| > Ly . (9)
Here ρ0 =
√
b/d, r0 is the ring radius, R is its width, 2Ly = 2pir0 is the stripe length,
Lx = R is its width. Sine onfigurations (8) and (9) do not depend on the third
oordinate, we will assume that along it the size is limited by the length Lz and also that
R < r0. The alulation of energy (7) with the aid of (8) and (9) yields the following
results for the ontribution to the free energy from the ring Fr (at R ≪ r0) and the
stripe Fxy:
Fr = piρ
2
0Lz
r¯0
R
(
1 +
R2
ξ2
)
, (10)
Fxy = piρ
2
0Lz
r¯0
R
(
1 +
R2
ξ2
+
R
r¯0
+
(
n0 − 3
4
b
)
R3
r¯0
)
. (11)
Here r¯0 =
√
pir0, 1/ξ
2 = 2
[
n0 − (1− 1/
√
8)b
]
, n0 is a ertain harateristi value of the
"multiplier" (∂kn)
2
in (2), whih is of the order c1R
−2
, whereas b = c2R
−2δT , where
ci ∼ 1 and δT = (Tc − T )/Tc. In these equations we omitted the term H2ik from Eq.(7)
sine we onsider that it is approximately the same for the both types of distributions.
The exat equation for Fr (in units piρ
2
0
Lz) ontains the term
δFr = 2 [I3(x0)− x0I2(x0)]+ bR
2
2
[
I1(x0
√
2)− x0
√
2I0(x0
√
2)
]
+
R2
λ2
[I1(x0)− x0I0(x0)] .
But it is exponentially small already at R/r0 ∼ 1/4 and R ∼ λ with 1/λ2 = 2(n0 − b):
δFr ∼ 10−7.
For the optimal width R = ξ (at R≪ r0) the differene in free energies∆F = Fxy−Fr
in units piρ2
0
Lz has the form: ∆F = 1 + c1 − (3/4)c2δT . One an see from this
equation that at 4(1 + c1)/3c2 < 1 in the temperature range [1− 4(1 + c1)/3c2]Tc <
T < Tc bordering on the ritial temperature Tc of the transition to the state with
the spin pseudo-gap, rings are preferable (see Fig. 1). In the temperature range
T < Tc [1− 4(1 + c1)/3c2] stripes are the main onfigurations. As it is known one
may approah Tc keeping the temperature onstant by inreasing the level of doping.
1
We suppose that the stripe harateristi sizes are essentially greater than the lattie sale. In this
ase, the use of phenomenologial approah of the Ginzburg-Landau mean field theory is justified.
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Figure 1: Shemati representation of losed (b) and open () quasi-one-dimensional
strutures of the harge density (see. [29℄) around antiferromagneti dieletri nano-
lusters (a).
The reent paper [29℄ gave the evidene of the existene of ring-shaped harge stru-
tures obtained just under suh experimental onditions. In a ertain sense, the tunnel
mirosope in this experiment [29℄ ollets data from a two-dimensional slie of knots
[21℄.
Let us make several remarks onerning the spin density ρ2 distribution in the disk,
surrounded by a ring harge distribution. The above-mentioned statement onerned the
ase when spin disorder arose only in the region diretly adjaent to the disk edge and,
as a result, we had an antiferromagneti phase inside. If the antiferromagneti order is
broken everywhere in the disk, it is neessary to onsider the orresponding distribution
of the density ρ2 in the form of a disk in order to ompare its ontribution with Fr.
When we onsider the ontribution of the density distributions ρ2 to the free energy in
the form of a disk, we get a double gain (in omparison with rings) due to the existene
of one edge and have a loss due to the area. The alulation shows that at small R/r0
the distributions in the form of rings appear to be more preferable.
Let us onsider the dependene of the ritial temperature Tc on the level of doping.
To do this, we present the relation of Fr to Fxy in the following form:
Fr
Fxy
=
1
1 +BR/r¯0
, (12)
where
B =
1
2
[
1 +
1
2
n0 − 3/4 b
n0 − (1− 1/
√
8) b
]
=
3
4
n0 − 0.68 b
n0 − 0.65 b .
One an see that onfigurations in the form of stripes are more preferable in the
range 0.65 < n0/b < 0.68, where Fxy < Fr. Normalizing the density ρ
2
0 to the
7
partile number N by the ondition N = 2pir0ξLzmρ
2
0
, we get the relation between
the parameters n0 and b, whih we write in the form of x = b/
√
n0 − 0.65b. Here
x = Nd/(
√
2mpiLzr0). Thus, for the bounds of the onsidered above range, where
n0 ∼ b ∼ δT , we have T (x) = Tc(1− Ax2) with a ertain onstant A. Therefore, inside
the region, belonging to the phase state with the broken antiferromagneti order, there
is a narrower region, loating between the parabolas T (x), where the harge strutures
have the form of stripes.
3. The inhomogeneous superonduting state.  We onsider a superonduting state
with finite value of the total urrent J whih exists against the bakground of a ertain
n-field distribution, assuming that ρ = ρ0 = const. In this ase the free energy equals
F = Fn + Fc − Fint = (13)∫
d3x
[(
(∂kn)
2
+H2ik
)
+
(
1
4
c2 + F 2ik
)
− 2FikHik
]
.
The negative sign of the interation energy Fint of c- and n-fields appears beause of
diamagnetism of the onsidered state. As a result the oupling onstant g2 = 1 of the
termH2ik dereases due to renormalizing in suh a way that energy of the superonduting
state c 6= 0 is less than the minimum value in the inequality (5). To find the exat lower
bound of the free energy in the superonduting state c 6= 0, we will use the following
auxiliary inequality
F 5/6n F
1/2
c > (32pi
2)4/3 |L| , (14)
where the invariant
L =
1
16pi2
∫
d3x εiklci∂kal (15)
determines the degree of the mutual linking [30, 31℄ of the urrent lines and the lines
of the magneti field H = [∇× a]. Like Q it is the integral of motion [31, 32℄ in the
onsidered barotropi state. The proof of inequality (14) [14℄ is given in the appendix of
the paper.
Linking indies, whih haraterize the orrelations of spin and harge degrees of
freedom, form the following matrix:
Kαβ =
1
16pi2
∫
d3x εikla
α
i ∂ka
β
l =
(
Q L′
L Q′
)
. (16)
In this symmetri matrix (L = L′) with a1i ≡ ai and a2i ≡ ci the integral might be deter-
mined also by the asymptoti linking number [30℄. Let us pay attention to a irumstane
whih will be important below. Being normalized to the harge density, unlike the unit
vetor n, the vetor of the momentum c = J/ρ2 belongs to the nonompat manifold.
Beause of this the Hopf numbers, defined with the aid of it in (16) are not integers in
general: (L,Q′) 6∈ Z. In the superonduting state, where Abelian U(1) gauge symmetry
is broken and the harge is not onserved, the numbers L and Q′ play the role of ontin-
uous interpolation parameters, whih unite the onsidered ompressed and inompressed
(Kαβ ∈ Z) phases. From this point of view, the superonduting states with Kαβ ∈ Z
and Kαβ 6∈ Z belong to one and the same lass of universality [33℄.
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To find the lower bound of the funtional (13), alongside with Eq.(14) we will use
Shwarz-Cauhy-Bunyakovski inequality:
Fint 6 2‖Fik‖2 · ‖Hik‖2 6 2F 1/2c F 1/2n . (17)
Here ‖Fik‖2 ≡
[∫
d3xF 2ik
]1/2
. We note that the equality in the r.h.s. of Eq.(17) is
ahieved in the ultraviolet limit, when the size of linked vortex onfigurations is small
enough. Substituting the boundary value Fint in (13) we get
F > Fmin = (F
1/2
n − F 1/2c )2. (18)
The Hopf onfiguration with Q = 1, for whih the lower limit takes plae in Eq.(5),
presents two linked rings with radius R and (Fn)min = 2pi
2R3(8/R2+8/R4)|R=1 = 32pi2.
We will assume that also in our ase c 6= 0 there are onfigurations for whih the equality
in Eq.(14) is valid. Let us emphasize an important irumstane, whih we will disuss
more thoroughly in the next setion. For small values of ρ and, therefore, for great values
of the field c (sine all terms in (13) are of the same order) we enounter the instability
of linked onfigurations with respet to small perturbations. This leads to the restrition
of values Fc from above. Keeping in mind this remark and using in Eq. (18) for Fc of
the lower bound F
1/2
c = (32pi2)4/3 F
−5/6
n |L| from Eq.(14) and Fn = 32pi2 |Q|3/4, we get
for the states with Q 6= 0, that
F > 32pi2 |Q|3/4 (1− |L|/|Q|)2 . (19)
One an see from Eq.(19) that for all numbers L < Q the energy of the ground
state is less than in the model (4), for whih inequality (5) is valid. The origin of the
energy derease may be understood by omparing the values of different terms in Eq.(13).
Even under the onditions of a onsiderable paramagneti ontribution j to the urrent,
the diamagneti interation in the superonduting state for all lasses of states with
L < Q redues in (13) its own energy Fc of the urrent and a part of the energy Fn
assoiated with dynamis of n-field. In the onsidered state the total momentum of
superonduting pairs c does not equal zero. In this respet the inhomogeneous state
with urrent is analogous [34℄ to the state proposed in Refs. [17, 18℄.
4. The properties of phase states
The phase state with the broken antiferromagneti order at (∂kρ)
2 6= 0 is a bakground at
whih the transition to the inhomogeneous superonduting phase with Fik 6= 0 ours.
It is onvenient to disuss the harateristis of this transition at the density ρ2 hange
beginning from the superonduting state. In this phase the onstant value of the harge
density, due to the breaking of the gauge invariane U(1), plays the role of the tuning
parameter of the system.
Let the parameter ρ0 hange in some range. Sine all terms in Eq.(3) are of the
same order, as ρ0 inreases, the momentum c and, onsequently, the index of the mutual
linking L derease. In this ase at suffiiently small L the smallest superonduting gap
dereases with inrease of Q against the bakground of a great value of 32pi2|Q|3/4 of the
spin pseudo-gap.
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When ρ0 redues, the following effet takes plae. Being proportional to g
−1/2
1
∼ ρ−1
0
,
the radius R of ompatifiation R3 → S3 grows till it exeeds some ritial value Rcr.
At R > Rcr the Hopf mapping is not stable [27℄ relative to small perturbations of
linked vortex field onfigurations. As a result, the symmetry U(2) whih is assoiated
with idential Hopf mapping appears to be spontaneously broken. This means that
the topologial onfigurations of field n and c, instead of being spread out over the
whole spae S
3
, loalize around a partiular point (the base point of the stereographi
projetion R
3 → S3) and ollapse to loalized strutures [27℄. We an see that there is
an optimal value of ρ0 and, onsequently, the values of the harateristi momentum c
and the relation |L|/|Q|, for whih there arises the greatest gain at the transition to the
superonduting state.
Till now the vetor A has haraterized the degrees of freedom, assoiated with the
internal harge gauge symmetry U(1). If the external eletromagneti field is applied,
the vetor A equals the sum of internal and external gauge potentials. In the exter-
nal magneti field, due to diamagnetism of the superonduting state, the momentum
c dereases. Like in the ase of ρ0 inreasing, this leads to suppressing the superon-
duting gap. Playing the role of the smooth tuning parameter, the external magneti
field determines the boundary onditions of the problem. As a result, the answer to the
question of ompleteness of Meissner sreening depends on the results of the ompetition
of ontributions from a paramagneti (spin) j and diamagneti (harge) −4A parts of
the total urrent J.
Similar to energy distribution in the frational quantum Hall effet with the filling
fator ν = p/q and p, q ∈ Z the energy gain in Eq.(19) depends on the relation |L|/|Q|.
The Hopf invariant Q ∈ Z numbers vauums [35℄ and is equivalent to the degree of
degeneraity q of the ground state. The index L plays the role of the filling degree p of
inomressible harged fluid state in the frational quantum Hall effet. From this point
of view the multiplier (1− |L|/|Q|) in Eq.(19) is equivalent to the filling fator 1− ν for
holes. The distintion of our system from the states in frational quantum Hall effet
is that the superonduting state is ompressible and here (as it was mentioned) the
effetive number L of harge degrees of freedom is not an integer in the general ase.
The onfigurations of fields n and c = a with the integers L = Q, satisfying the relation
of self-duality Fn = Fc, orrespond to the minimum value of free energy. In this limit
Kαβ is proportional to the matrix
(
1 1
1 1
)
, whih was used in [36℄ to desribe the
topologial order in the theory of frational quantum Hall effet with the filling fator
1− ν at ν = 1/2.
The boundary onditions whih determine the momentum c and the topologial in-
variants L, Q depend not only on the values of the tuning parameter ρ0 of the model
and the external magneti field. Their physial sense and value depend also on the di-
mensionality of the manifold for whih the model is defined. In the (3 + 0)-dimensional
ase of the free energy (3) the Hopf invariant (6) is analogous to the Chern-Simons a-
tion (k/4pi)
∫
dt d2x εµνλaµ∂νaλ. This term in the ation of (2 + 1)-dimensional systems
desribes the dependene of the nonlinear modes' ontribution to the free energy on the
statistial parameter k. The oeffiient k in the Chern-Simons ation has the geomet-
rial sense of the braiding number of the exitation world lines. In partiular, when
semi-fermion exitations (semions) permutate and return to the initial positions on the
plane, the world lines braid twie and k = 2. Therewith, the statistial orrelations of
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nonlinear modes have the harater of attration and for the values k ∼ 2 their great-
est ontribution to the energy is of the order of several perents [37℄. For the energy
sale (0.1  1) eV this gives several tens or hundreds of degrees. Taking into aount
the relation between the dimensionality of the systems at their dynami and statisti-
al desriptions, we note that the (2 + 1)-dimensional ase k = 2 with the open ends
of exitation world lines is equivalent (after identifiation of the ends) to the ompat
statistial (3 + 0)-dimensional example of the Hopf linking with Q = 1.
The (3 + 0)-dimensional and (2 + 1)-dimensional situations differ by the topology of
the regions of the field definition n [38, 39, 40℄. When the system is periodi in one of the
spae variables and also when alulating the partition funtion in planar systems, one of
three oordinates  Matsubara variable  is a periodi variable. This means that instead
of the sphere S
3
, we deal with the topology of a three-dimensional torus T 2×1 = S2×S1
or T 3 = S1×S1× S1 and with the orresponding mapping lasses. The ontent of Hopf
invariant in this ase appears to be riher [38, 39, 40℄. For a three-dimensional torus
T 3 the Hopf invariant is defined modulo 2q, where q is the greatest ommon divisor
of the numbers {q1, q2, q3} ∈ Z. Here qi is the degree of mapping T 2 → S2, where
T 2 is the setion of T 3 with the fixed i-th oordinate. Four integral numbers {qi, Q},
where Q is defined modulo value 2q, give us the omplete homotopi lassifiation of
mappings T 3 → S2 with pi1[Mapq(S2 → S2)] = Z2q and a fixed degree q [38, 39, 40℄.
The geometrial meaning of this modified Hopf invariant (an integer from the range
{0, 2q − 1}) is the same. It is a linking index of the preimages of two generi points in
T 3 → S2. The ases T 2×1 and T 3 are haraterized physially by different boundary
onditions. The boundary onditions hange if an angular veloity of the rotation of the
neutral superfluid phase in He3 inreases [38, 39℄ or an external magneti field in our
harged system grows. Restriting the Hopf invariant hange, the transition T 2×1 → T 3
promotes the appearene of the inompressible phase.
5. Conlusion
One an see from the given analysis that the gain of the free energy at the transition to
the superonduting state with c 6= 0 arises when there is a oherent phase assoiated
with the spin degrees of freedom. This phase is haraterised by a pseudo-gap (5) and a
topologial order assoiated with linking. If the density ρ20 is rather great, the momentum
c is small and the transition to the superonduting state is not preferable. Aording
to our lassifiation, this seond state is haraterized by hanging values of the order
parameters ρ and n. The energy loss due to the term (∂kρ)
2
may be redued beause of
the development of one-dimensional strutures. Whether these one-dimensional harge
strutures will be open, forming stripes, or losed almost one-dimensional strutures in
the form of rings, depends on the parameters of the potential V (ρ, n3). In the phase
n3 = const with neutral spin urrents the answer will depend on the value and the sign
of the multiplier b(n3) in the potential V (ρ, n3) = −bρ2+ d2ρ4 If b > 0, then far from Tc
harge strutures with open ends are preferable [13℄, and in the ase T → Tc we should
prefer rings. The first experiments that verified the existene of harge strutures in the
form of rings in the underdoped phase of planar systems were desribed in paper [29℄.
The superonduting phase oupies on the "temperature-harge density" phase
diagram only a part of the region, belonging to the phase with the broken antiferro-
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magneti order. The bounds of its existene on the phase diagram, assoiated with the
harateristi values of the density ρ20, are determined at great ρ0 by the inequality (14)
[14℄ and at small ρ0 these bounds depend on the ritial size of the knot [27℄, beginning
from whih instability of the Hopf mapping arises.
Comparing the results of this paper based on onsideration of the loal fields with the
onlusions following from the BCS-like model [19℄ with two speies of fermions, we pay
attention to the following qualitative oinidene. One an onlude from Eq.(3) that the
parameter ρ0 determines the value of the oupling onstant. Therefore, the appearane
of the solutions (different from the standard BCS model) for the superonduting gap in
the paper [19℄ with the finite value of the oupling onstant is analogous to the existene
of the threshold for small values of ρ0 in this paper.
As distint from the model [19℄, the states onsidered in the present paper are signifi-
antly inhomogeneous. The analysis of the state Fik 6= 0, ρ 6= const is an open problem at
present. Here we mention only that the superonduting urrent with the amplitude c0,
flowing round the rings (8), gives the additional term c2
0
R2 to the multiplier in Eq.(10).
This explains in partiular why the superonduting region on the "temperaturethe
level of doping" phase diagram is shifted to the line δT (x) = 0 of the transition to the
state with the spin pseudo-gap. Indeed, in this ase Veff (ρ, n3) = −beffρ2 + (d/2)ρ4
with beff = b− (n0 + c20) = (const/R2)δT . Therefore the finite value of the momentum
c of superonduting pairs dereases δT . Besides, the ontribution to the free energy in
the inhomogeneous state due to (∂kρ)
2 6= 0 dereases the gain in Eq.(19).
The superondutivity in luster systems may be evidently studied, basing on the ap-
proahes beyond the mean field theory. For example, we may use the exat Rihardson
solution and Bethe ansatz equation [41℄, as well as the methods of the onformal field
theory [42℄. The exat solution of the ground state problem under the ondition of the
finite value of the total momentum of pairs at suh an approah is one of the important
problems. Sine the onformal nature of the dimensionality 3/4 [30℄ in (5) and (14) in-
fluenes the harater of the sale whih enters into energy dependent response funtions
(whih is proportional to T 3/4 [43℄), it should also be studied arefully.
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Appendix
The proof of the Eq. (14) uses the following hain of inequalities:
|L| < ||c||6 · ||H||6/5 6 61/6||[∇× c]||2 · ||H||6/5 6 (20)
61/6||[∇× c]||2 · ||H||2/31 · ||H||1/32 6
(32pi2)−4/3F 1/2c F
2/3
n F
1/6
n = (32pi
2)−4/3F 1/2c F
5/6
n .
Here ||H||p ≡
(∫
d3x |H|p)1/p At the first and third steps we used Holder inequality:
||f · g|| 6 ||f ||p · ||g||q with 1/p+ 1/q = 1. Under the ondition ∇ · c = 0 we employs
at the seond step the Ladyzhenskaya inequality [44℄ [40℄: ||c||6 6 61/6||[∇× c]||2. The
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fourth step in the set of inequalities arises after the omparison of the terms ||[∇×c]|| and
||H|| with the terms Fn and Fc in Eq.(13). The last line shows also separate ontributions
from n- and c-parts of the free energy (13) to the finite result (14). Using a hain of
Holder and Ladyzhenskaya inequalities, analogously one may find that:
F 1/2n F
5/6
c > (16pi
2)4/3|L′ | .
The oeffiient in this inequality differs from (14) due to the oeffiient 1/4 (beause of
the harge 2e of superonduting pairs) of the first term of the free energy Fc in (13).
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